Abstract The elastic properties of a material with spherical voids of equal volume are analysed using a new model, with particular attention paid to the hexagonal close-packed and the face-centred cubic arrangement of voids. Void fractions well above 74 % are considered, yielding overlapping voids as in an open-cell foam and hence a connected pore structure. The material is represented by a network of beams. The elastic behaviour of each beam is derived analytically from the material structure. By computing the linear elastic properties of the beam network, the Young's moduli and Poisson ratios for different directions are evaluated. In the limit of rigidity loss a power law is obtained, describing the relation between Young's modulus and void fraction with an exponent of 5/2 for bending-dominated and 3/2 for stretching-dominated directions. The corresponding Poisson ratios vary between 0 and 1. With decreasing void fraction, these exponents become 2.3 and 1.3, respectively. The data obtained analytically and from the new beam model are compared to Finite Element simulations carried out in a companion study, and good agreement is found. The hexagonal close-packed void arrangement features very anisotropic behaviour, comparable to that of fibre-reinforced materials, This might allow for new applications of open-cell materials.
Introduction
In the present work the elastic properties of void material are investigated. This is a homogeneous material such as a polymer or metal, filled with spherical voids of uniform diameter, arranged on a crystalline lattice. These voids overlap, forming an open-cell structure, as shown in Figure 1b for a void fraction of 85%. Such a structure can be manufactured, for example, using sacrificial templating [10] or 3D-printing techniques. Open-cell polymer foams have similar geometries, but in that case surface tension effects assure a more even distribution of the solid material in the network [16, 20] . Such a material offers particular and very interesting properties. Currently, void materials are often used in lightweight construction, cushioning or shock absorption, although usually these are disordered foams. In sacrificial templating and 3D-printing it is possible to arrange the voids in a specified regular lattice. For metal foams, application of an electromagnetic field also promotes specific bubble arrangement to some extent [8] . Depending on the arrangement of voids, specialised anisotropic elastic properties can result. In particular, these properties could give rise to anisotropic acoustic wave propagation, opening up new applications. To analyse the elastic properties of these materials, highly resolved Finite Element (FE) simulations were recently carried out by the authors, yielding the full stiffness matrix with an uncertainty lower than 1%. These simulations are documented in detail in a companion study [7] . However, it is difficult to gain insight directly from these simulations, as regards the key mechanisms that lead to dependence of elastic properties on topology and void fraction of the material. Also, for very high void fractions the interstitial material becomes very thin and FE simulations are hardly applicable due to problems of grid generation. Therefore, in the present study a model composed of elastic beams is applied which is based on a skeletal representation of the topology and geometry of the void material. In the past, Truss models have been used to compute the mechanical properties of shells [15] , plates [18] with low computational effort. There, homogeneous material is represented by a network of beams. In the present work, heterogeneous void material is considered and each beam reflects a structural element. The results of the beam model are validated using our previous FE simulations [7] . Most of all, the beam model allows for a direct study of the necessary ingredients which are at the origin of the observed elastic behaviour, revealing the underlying mechanisms. Taking into account analytical considerations, the elastic properties of void material with very high void fractions is estimated. This approach is motivated by the work of Day et al. [3] . These authors computed the elastic properties of two-dimensional sheets with circular holes using an FE method and compared these results with analytic approximations taking into account only the deformations around the weakest regions. In three dimensions, one can find several studies investigating the elastic properties of open-cell materials by modelling them with networks of beams [16,
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[0001] 4, 20, 17] . In that way, one can estimate Young's modulus and Poisson ratio of the given topology. The best known among these are the results of Gibson and Ashby [4] . These authors predict the behaviour of low density foam by analysing an artificial beam structure with and without thin lamellas between the voids. The beams usually are taken to have square cross sections. Such a representation is also adopted in the present work. But the shape, topology and elastic constants of the beams are extracted to a higher level of accuracy from the interstitial material, leading to substantially different results, as described below. Both structures achieve the densest packing of spheres which has 74% void fraction [21] . The spherical voids used here have diameters which are larger those corresponding to close packing, which gives rise to overlapping spheres in which the overlapping material is removed from the structure. The interstitial material of both sphere packings consists of layers, confined between two layers of spherical voids as marked in Figure 1b . In the FCC and HCP void arrangement, the same type of material layer is formed, but again, these material layers are stacked in different sequence. In FCC, the sequence is a-b-c-a-b-c, similar to the sequence of sphere layers. In HCP, the sequence is a-a*-a-a*, where a* denotes a flipped material layer. The arrangement of the layers is indicated in Figure 1c .
Beam network
Let us now focus on the interstitial material which forms a network of nodes and necks (Figure 1b ). Comparing FCC and HCP, both networks consist of the same elements but show a different topology. There are two types of nodes, α and β, displayed in Figure 1b . The large node α is confined between 6 voids in octahedral arrangement and connected to 8 necks. The small node β is confined between 4 voids in tetrahedral arrangement and connected to 4 necks. Each neck connects two nodes. The critical, most deformable region of each neck has essentially the same shape ( Figure 2 ) and is confined between three spherical voids. The next step is to develop an approximate representation of the material in terms of thin straight beams connected by point vertices (Figure 1c and Figure 2c ). Each beam corresponds to one neck and each vertex to one node. The total length L of a beam equals the separation of the node centres and depends on the type of vertices it connects. Each point vertex is treated as follows: a balance of forces and torques is sought, determining its translation and rotation. This causes the attached beams to deform. In turn, the deformation of beams generates forces and torques on the attached vertices. In an iterative scheme, the positions and angles of the vertices, corresponding to a minimum elastic energy of the network, are determined. In order to compute the linear elastic properties of the void material, a periodic (110) and (112) is evaluated as well. Subsequently, the relation of stress and strain yields the Young's modulus and the Poisson ratio of the void material for the selected directions, which in this case are
respectively.
Neck geometry
In earlier work [16, 4, 20, 17] it was found convenient tu use the void fraction φ v as a parameter for the elastic behaviour. Here, the void fraction is varied by changing the diameter D 0 of the voids without changing their centre spacing L s . In that way, the void fraction changes the effective thickness h(l) of the beams, their cross-sectional area A s (l), and therefore their elastic properties. The position coordinate along the neck is denoted by l (Figure 2b ). The most slender cross section of the neck is situated at l = L c and is confined by three Figure 3 provides the relation between void fraction φ v and beam thickness h 0 resulting from tedious geometrical evaluations. For a critical void fraction φ v = φ crit the minimal beam thickness becomes zero. This means that the beams are cut through and the structure is not connected any more. Below this critical value the beam thickness increases linearly with the difference ∆φ v = φ crit − φ v which is a good approximation over a wide range of beam thickness.
Beam properties
For each beam, three principal kinds of deformation are defined: stretching, twisting and bending. These are illustrated in Figure 4 using the example of beams with homogeneous thickness. In case of small deformation, one may assume these three types of deformation to be superimposed without interference. The position and angle of the adjoined vertices imposes a deformation on the beam. With given deformation, beam theory allows us to compute for each beam the corresponding reaction forces applied to the vertices. To do so, one has to define for each kind of deformation an elastic constant (k stretch , k twist , k bend ) for a beam, which will be done in the following subsections.
Stretching
Stretching refers to the change ∆L of the length L of a beam when applying a longitudinal force F l . This response is calculated by integrating the incremental strain along a neck, i.e.
The elastic constant k stretch depends on the Young's modulus E 0 of the solid material and the cross-sectional area A s . Since the area A s is much smaller in the critical region of a neck, the integrand in (6) falls off rapidly and hence becomes negligible elsewhere. Consequently, the integration can be carried out in the bounds of [−∞, ∞] in Equation (6) without changing the resulting value. This identity is important to derive an analytical scaling law for the elastic constants in Section 3.4 below without tedious consideration of boundaries.
Twisting
Applying longitudinal torque M l to a beam causes a change of the longitudinal angle
To determine the elastic constant k twist one has to integrate the polar second moment of area I p (l). Due to the complex geometry, I p was approximated by
Bending
Bending of a beam causes transversal torque M t and force F t on the adjoined vertices α and β. They depend on the first derivative w = dx t /dl of the deflection close to the adjoined vertices w α and w β . First, four elastic constants k 1... 4 have to be derived
Here the bounds 0 and L are retained because the deflection of the neck may only be taken into account between the nodes. In contrast to stretching and twisting, the result depends on the distance between the nodes and is not the same for all necks. The second moment of area depends on the shape of the cross section and was approximated by I t (l) = 0.5A s (l)h 2 (l). This expression does not contain any dependence on the transversal direction, so that the elasticity of beams is assumed to be isotropic in transversal direction. Subsequently, force and torque can be computed by
The required values of w α and w β can be derived from the mismatch between angular orientation and the line connecting the adjoined vertices (Figure 4c ). The simple bending constant k bend , linking force F t and tilt w , is introduced here to construct a viable iterative scheme and to compute scaling behaviour below.
Scaling of effective beam constants
If the void fraction equals the critical void fraction, the void material becomes disconnected and the Young's modulus equals zero. With decreasing void fraction the beam thickness h 0 and thus, the Young's modulus increases. The relation between void fraction and the elastic constants k stretch , k bend and k twist is developed in a power law in terms of the difference ∆φ v = φ crit −φ v . Applying the approach of Day et al. [3] step-by-step reveals an analytical derivation of the exponents of this scaling. The void fraction difference ∆φ v ∼ h 0 scales linearly with the beam thickness h 0 (Figure 3 ). The thickness of the beam along the neck can be developed in a Taylor series yielding h(l and A s (l) according to (3) and (4). The cross section area A s (l) ∼ h 2 (l) scales quadratically with the thickness h(l). Inserting these into Equation (6) yields
Consequently, the stretching stiffness k stretch scales as
Analogously, the exponents for k bend and k twist can be shown to equal 5/2 and 7/2, respectively
For k bend the parameter k 1 , . . . , k 4 scale with h −7/2 0 but due to the subtraction in Equation (19) the leading term vanishes and the second largest term ∼ h In conclusion, the following scaling laws for the elastic properties of a beam are derived in the limit of vanishing beam thickness, i.e. h 0 → 0 and ∆φ v → 0
For values of h 0 and δφ v remote from this limit addressed analytically, the elastic properties were computed numerically according to the approximations described above in (6) - (15) . The results are shown in Figure 5 over a wide range of void fractions. For void fractions 0.003 ≤ ∆φ v ≤ 0.03 Figure 5 suggests slightly lower exponents in the scaling of the elastic constants, namely
which were obtained by linear regression.
Results
The elastic behaviour of void material may be characterised by its Young's modulus and Poisson ratio. 
Young's modulus
In Figure 6 the Young's modulus is plotted against the distance ∆φ v between void fraction and critical void fraction, which according to Figure 3 is related to the beam thickness. Figure 6 shows the results obtained from the beam model and those obtained from the FE simulations of FCC and HCP void arrangement in [7] . Even though small deviations are visible, the basic dependences and relations are very well reproduced by the beam model. Solid and dash-dotted lines correspond to directions in the basal plane. In the figure, only the solid lines are visible, because the graphs coincide nearly perfectly, revealing isotropy of the Young's modulus in the basal plane. This finding is also in line with the results of the companion FE simulations. The Young's modulus of HCP in the basal plane is slightly higher. Comparing the symmetric axis, larger differences are visible. For FCC, the Young's modulus is in the same range as the other ones, but for HCP the Young's modulus in the direction of the symmetric axis is much higher. Also the dependence on the void fraction is different. For HCP in symmetric direction the Young's modulus is proportional to the void fraction to the power of 1.3 while the Young's modulus in the other directions and for FCC are proportional to the void fraction to the power of 2.3. The reason is the straight uninterrupted connection of beams in the HCP void material, called fibre here. These fibres transfer load along the symmetric axis by stretching, and k stretch increases with the void fraction to the power of 1.3, as shown in Figure 5 . In the other directions and for FCC, the Young's modulus increases with the void fraction to the power of 2.3. For these cases force transfer always causes bending of beams (see Figure 1 ) and for the relevant k bend the same power law holds. Consequently, the stiffness of HCP void material decreases more slowly than that of FCC when approaching the critical void fraction.
Poisson ratio
The Poisson ratios predicted by the beam model also show good agreement with the FE data as shown in Figure 7 . The relations between different Poisson ratios and also the trend for increasing void fraction are well reproduced. Remarkable is the fact, that some values of ν 12 are larger than 0.5. This would be impossible for homogeneous material, but for void material this is possible [19] . Especially for ν 12 in HCP, Poisson ratios up to 1 appear. This means, that a compression in the basal plane, along the [1 0 1 0] direction causes an equal expansion in the basal plane, along the [1 2 3 0] direction. At the same time, ν 13 is close to zero, so nearly no expansion along the symmetric axis appears. For FCC, in contrast, ν 12 does not exceed 0.7, and also ν 13 does not fall below 0.25. This is remarkable, because both structures consist of the same type of material layer in the basal plane, but due to the different orientations and interconnections of these layers, different elastic behaviour occurs. This situation is shown in Figure 8 . When compressing a material layer in a direction parallel to the basal plane, the small vertices β are pushed outwards in the direction of the symmetric FCC HCP [112] [111]
[0001] axis. In case of FCC, they are connected with a large vertex α in the next layer, so that they push away the next layer resulting in a moderate Poisson ratio. Additionally, a small shear deformation appears. This is expressed in [7] by non-ortotrophy of the FCC void material. In contrast, β connects with β and α connects with α in the HCP arrangement. When compressing a material layer, the β vertices are then pushed against each other. This would cause a large expansion in the symmetric direction. At the same time, links between α vertices counteract the expansion, resulting in an overall small Poisson ratio ν 13 . Instead, the structure relaxes in the basal plane, yielding values close to 1 for ν 12 . When the void fraction approaches the critical void fraction, stretching becomes increasingly stiffer than bending. Consequently, ν 13 further decreases and ν 12 further increases.
Discussion and conclusions
In general, the simple beam model is able to reproduce the predictions from the FE simulations and to extend it to lower void fractions which cannot be reached by FE simulations. In an early version of the beam model used by the authors, beams with constant thickness were employed. This also reproduced the general relations between different structures and directions, but was not able to represent the power laws linking void fraction and elastic properties. The present version is able to do so. Consequently, the distribution of material along the beams plays an important role for the elastic properties. This also indicates some kind of limitation to the present results, because for realistic foams the mass is more equally distributed along the beams [12] . In a later version of the beam model, one could extract elastic constants from x-ray to-mography [9] or theory. For materials generated from 3D-printing or sacrificial templating the present material distribution is presumably more realistic. Several studies find for bending-dominated open-cell beam networks a dependence of the Young's modulus E ∼ (1 − φ v ) 2 [4, 20, 17] . This finding is due to the constant thickness t of a beam along its length employed in those studies. In those cases and for constant beam length, the void fraction scales with (1 − φ v ) ∼ t 2 and the Young's modulus with E ∼ I p ∼ t 4 . In the present study E ∼ (∆φ v ) 5/2 was found. The difference in the exponent results from different material distribution along the beam. Most of the material is concentrated in the nodes causing a weaker dependence of the beam thickness on the void fraction h 0 ∼ (∆φ v ) 1 . Also the Young's modulus as E ∼ k bend ∼ h 5/2 0 in the present case is more sensitive to the void fraction than in case of constant beam cross section. In conclusion the scaling of constant cross section and our model compares as follows:
For HCP void arrangement, in [0 0 0 1] direction, a different dependence of the Young's modulus on the void fraction exhibits. In this direction, the interstitial material on HCP void arrangement shows a straight, unbroken fibre of connected beams (Figure 1c ). It connects vertices of type α. This fibre causes a stretching-dominated elastic behaviour, as can be derived from symmetry arguments: The material layers, marked in Figure 1c , show 3-fold symmetry and thus, isotropy in the basal plane. Due to this isotropy, forces on the α-vertices in the basal plane balance each other (buckling is not considered here) and the α-vertices are not shifted parallel to the basal plane when applying strain normal to the basal plane. Consequently, only shifting of the α vertices along the symmetric axis is allowed, which corresponds to stretching of the fibre. At the same time, the Poisson ratios ν (
Discussing the FE results with colleagues in the foam community raised scepticism about Poisson ratios higher than 0.5, since this is rigorously excluded for isotropic elastic materials. However, in the general case the Poisson ratio has no bounds [19] . The beam model now provides a demonstration of the appearance of very high or very low values. The Poisson ratio of the solid material was set to 0.4 in order to represent the case of polymers, but in fact, the influence of the material Poisson ratio on the results at high void fraction is negligible. In other structured materials these extreme Poisson ratios are well-known, including artificial materials with negative Poisson ratios by molecular design [5] or by structure [13] . In the field of fibre-reinforced materials, very high ratios of longitudinal and transversal Young's modulus and Poisson ratios are utilised [1, 14] . This kind of anisotropic behaviour enhances the fracture resistance [11] and vibration damping [2] . Open-cell HCP void material shows strongly anisotropic behaviour because of straight fibres in the [0 0 0 1] direction. To benefit from these, one needs to create open-cell HCP void material. This could be done with sacrificial templating of soft spheres for example. Under confinement and with vibration [23] they will arrange in dense-packed lattices at a void fraction of 0.74 %. Compression could increase the void fraction. Unfortunately, spheres prefer FCC and not HCP arrangement when packed [6] . Therefore, additional templating techniques need to be applied to promote HCP arrangement. In future work, the beam model may be applied to different void structures such as simple cubic, body-centred cubic or Weaire-Phelan structure [22] or even random structure. Including representation of lamellas in the beam model would allow for estimation of closed-cell materials with finite lamella thickness. The beam model can provide an efficient and complement model for design and analysis of innovative void materials. The more demanding full FE simulations are necessary only when the void fraction is relatively small.
